In this paper, we give a decomposition of the moonshine module V ♮ with respect to an extremal Type II code over Z 2k for an integer k ≥ 2. Then we obtain automorphisms of V ♮ , some 4A and 2B elements of the Monster with respect to the decomposition. We give examples of such a decomposition for some k and give the McKay-Thompson series for a 4A element.
Introduction
The aim of this paper is to give a decomposition of the moonshine module V ♮ with respect to an extremal Type II code over Z 2k = Z/2kZ. The notation of a vertex operator algebra (VOA) is introduced in [Bo, FLM] . One of the most interesting examples of a vertex operator algebra is the moonshine module V ♮ constructed in [FLM] . The automorphism group of V ♮ is the Monster, the largest sporadic finite simple group. V ♮ contains a subVOA isomorphic to the tensor product of 48 copies of L(1/2, 0), called a Virasoro frame in [DGH] , and the VOA structure of V ♮ was reconstructed from a Virasoro frame in [Mi2] . By using a Virasoro frame, the McKay-Thompson series for some elements of the Monster are explicitly computed. Since L(1/2, 0) is isomorphic to W 2 algebra at c = 1/2, we should study the first member of the unitary series of W n algebras. In particular, W 4 algebra at c = 1 is realized as the fixed-point subspace V + L of the lattice VOA V L corresponding to the rank one lattice L = Zα with α, α = 6 with respect to the −1 automorphism of the lattice. Its fusion rules have a nice symmetry according to [Ab] and for each embedding of V + L into V ♮ , we get a 4A element of the Monster [Ma] .
In this paper, we consider more general case L = Zα with α, α = 2k for an integer k ≥ 2. Since the Leech lattice Λ contains many elements of squared length 2k and V ♮ contains V + Λ as a subVOA, V ♮ contains many copies of V + L . We consider a set of 24 mutually orthogonal pairs of opposite vectors of Λ with squared length 2k. We call such a set a 2k-frame of Λ. We have a natural bijection between equivalence classes of 2k-frames and extremal Type II codes of length 24 over Z 2k . By using a 2k-frame, we show that V ♮ contains a subVOA isomorphic to the tensor product of 24 copies of V + L . Then we give the decomposition of V ♮ as a (V + L ) ⊗24 -module, which is described in terms of the extremal Type II code of length 24 over Z 2k corresponding to the 2k-frame. By the fusion rules of V + L , we define automorphisms of V ♮ with respect to this decomposition. When k is odd, those are 4A elements of the Monster, and when k is even, those are 2B elements of the Monster. We give examples of a 2k-frame for some k and the corresponding decomposition of V ♮ . Then we compute the McKay-Thompson series for a 4A element of the Monster.
Professor Ching Hung Lam studies the subject independently.
Throughout the paper, we will work over the field C of complex numbers unless otherwise stated. We denote the set of integers by Z and the ring of the integers modulo k by Z k .
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Preliminaries
In this section, we recall or give some definitions and facts necessary in this paper.
Vertex operator algebra V + L and its irreducible modules
In this section, we give the vertex operator algebra V + L and its irreducible modules. Note that the description of V + L in this paper is slightly different from those given in [DN, Ab] . Let L = Zα be an even lattice of rank one with α, α = 2k. Set H = C ⊗ Z L and we regard L as a subgroup of H. We extend the form ·, · to a C-bilinear form on H. Let L • = {h ∈ H| h, α ∈ Z} = L/2k be the dual lattice of L. LetL • be the trivial extension of L • by the order 2 cyclic group −1 . Form the inducedL • -module
C, where C[·] denotes the group algebra and −1 acts on C as multiplication by −1. Note that C{L
as an algebra and we denote an element
a subset of L • and C{λ + L} is the subspace of C{L • } spanned by {e µ |µ ∈ λ + L}. It is well known that V L has a VOA structure and V λ+L has a V L -module structure for each λ + L ∈ L • /L (cf. [FLM] ). Note that all the irreducible V L -modules are given by the set
). For convenience, we denote h ⊗ t n by h(n) for h ∈ H and n ∈ Z. Let ρ: L → C × be a group homomorphism such that ρ(2µ
Let θ L be the automorphism ofL given by θ L (e µ ) = ρ(2µ)e −µ for µ ∈ L and θ L (−1) = −1.
as the unique algebra automorphism such that
|a ∈L} be the subgroup ofL. Let T 0 and T 1 be irreduciblê L/K L -modules over C such that e α acts by ρ(α) and e α acts by −ρ(α) respectively. Set
Let θ H be the unique commutative algebra automorphism of S(
that θ H (h(n)) = −h(n) for h ∈ H and n ∈ 1/2 + Z. We consider the linear automorphism of V T i L given by θ H ⊗ 1 T i , where 1 T i is the identity operator of T i . By abuse of notation, we denote both automorphisms of V
Note that V + L and its irreducible modules defined above are isomorphic to those given in [DN] . By Theorem 5.13 of [DN] , the set {V
Moonshine module
Let us review the moonshine module V ♮ from [FLM] for what we need in this paper.
Let Λ be the Leech lattice with the positive-definite Z-bilinear form · , · . It is a unique positive-definite even unimodular lattice of rank 24 without roots.
LetΛ be the central extension of Λ by the cyclic group −1 ∼ = Z 2 :
with the commutator map c 0 (β, γ) = β, γ + 2Z for β, γ ∈ Λ. Let θ Λ be the automorphism ofΛ given by θ Λ (a) = a −1 (−1) ā,ā /2 for a ∈Λ. We denote the center ofΛ by CentΛ. Set K Λ = {θ Λ (a)a −1 |a ∈Λ} ⊂ CentΛ. Then K Λ is a normal subgroup ofΛ; consider the groupΛ/K Λ . Note that the center ofΛ/K Λ is −K Λ ∼ = Z 2 . By Theorem 5.5.1 of [FLM] , we have the following proposition.
is the unique irreducible Gmodule on which x ∈ Cent G acts by χ(x)1 T , where C ψ is the one-dimensional A-module corresponding to ψ. Moreover, T ∼ = ⊕C ϕ , where ϕ ranges over the characters of A whose restriction to Cent G is χ, and dim T = 2 12 .
Set the inducedΛ-module
where −1 acts on C as multiplication by −1. We extend θ Λ to C[Λ] linearly. Since θ Λ fixes −1, we view the automorphism θ Λ as an automorphism of C{Λ}.
Set h = C ⊗ Z Λ. We regard Λ as a subgroup of h. We extend ·, · to a C-bilinear form on h. Let T be the irreducibleΛ/K Λ -module given in Proposition 2.1.
For convenience, we also denote h ⊗ t n by h(n) for h ∈ h and n ∈ Z/2. Let θ V Λ be the unique commutative algebra
, where h ∈ h, n ∈ Z <0 and b ∈ C{Λ}. Let θ h be the unique commutative algebra automorphism of S(
, where 1 T is the identity operator on T . Thus we have
2.3 2k-frames and codes over Z 2k
In this subsection, we give some terminology on a code over Z 2k (cf. [DHS] ) and formulate the inverse of the generalized Construction A relating lattices and codes.
A (linear) code C of length n over Z 2k is a Z 2k -submodule of Z n 2k . We fix an ordered basis of Z and −k < m i ≤ k for i = 1, . . . , n. We define the inner product of x and y in Z n 2k by x, y = n i=1 x i y i (mod 2k), where x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ). The dual code
We define a Type II code over Z 2k to be a self-dual code with all codewords having Euclidean weight divisible by 4k. The symmetric group S n acts on Z n 2k by the permutation of the coordinate positions. Let ε i be the operator which changes the signs of the i-th position of Z n 2k . Set Π = ε i |i = 1, . . . , n , andS n = S n , Π = S n ⋉ Π, since (i j)ε i (i j) = ε j for i, j ∈ {1, . . . , n}. Two codes C 0 and C 1 over Z 2k are called equivalent if they both have length n and if there exists σ ∈S n such that C 0 = σ(C 1 ).
Definition 2.2. A 2k-frame of a lattice of rank n is a set of n mutually orthogonal pairs of opposite vectors of squared length 2k.
We denote the group of isometries of a lattice Λ by Aut(Λ). Since Aut(Λ) preserves the inner product, Aut(Λ) acts on the set of 2k-frames of Λ. We say that 2k-frames S 0 ,
It is well known that one of the constructions of a lattice from a code over Z 2k is the generalized Construction A and such a lattice contains a 2k-frame (cf. [CS, BDHO] ). Let us consider the inverse map of the correspondence.
First, we recall the generalized Construction A. Let π: Z n → Z n 2k be the canonical map. Let C be a code of length n over Z 2k . By the generalized Construction A, a positivedefinite lattice of rank n is given by A 2k (C) = π −1 (C)/ √ 2k. Let (e 1 , . . . , e 24 ) be the standard orthogonal basis of Z 24 . Then Λ has a 2k-frame F C = {± √ 2ke 1 , . . . , ± √ 2ke 24 }. Let C 0 , C 1 be equivalent codes over Z 2k and let σ be an element ofS n such that
, where we regard σ as an element of O(24). Therefore the equivalent codes correspond to the same lattice (up to isomorphism), and the corresponding 2k-frames of such a lattice are equivalent. Hence we obtain the map from the equivalence class of codes over Z 2k to the equivalence class of 2k-frames of the lattice.
We define an extremal Type II code of length 24 over Z 2k to be a Type II code with minimum Euclidean weight 8k. Note that for an extremal Type II code C of length 24 over Z 2k , A 2k (C) is an even unimodular lattice with no roots, namely, A 2k (C) is the Leech lattice.
Let Λ be the Leech lattice and suppose k ≥ 2. Let S be a 2k-frame of Λ and let N be the sublattice of Λ generated by S. We choose an ordered basis (x 1 , . . . ,
By the above isomorphism, we view Λ/N ⊂ N • /N as a code of length 24 over Z 2k . We denote the codeword corresponding to v ∈ Λ by c v . For v, w ∈ Λ, we have Ewt(c v ) = 2k × min{ u, u |u ∈ v + N} and c v , c w = 2k v, w (mod 2k). Thus Λ/N is an extremal Type II code of length 24 over Z 2k . Note that the code Λ/N depends on the choice of the ordered basis. However, it is easy to see that its equivalence class is uniquely determined by the 2k-frame S. Therefore we denote the equivalence class of Λ/N by ϕ(S). For any σ ∈ Aut(Λ), we have Λ/N = σ(Λ)/σ(N) = Λ/σ(N). Hence the equivalence class of codes is uniquely determined by the equivalence class of the 2k-frame. Then ϕ is a map from the set of the equivalence classes of extremal Type II codes over Z 2k to the set of the equivalence classes of 2k-frames of the Leech lattice.
Proposition 2.3. The map ϕ is bijective. Moreover, ϕ is the inverse map of the map given by the generalized Construction A.
Proof. Let C be an extremal Type II code of length 24 over Z 2k and let F C be the 2k-frame of Λ given by the generalized Construction A. It is easy to see that C is an element of the equivalence class ϕ(F C ). Therefore ϕ is surjective. Next, we will show that ϕ is injective. Let F = {±x 1 , . . . , ±x 24 } be a 2k-frame of Λ and let C be a code of ϕ(F ). Let F C be the 2k-frame corresponding to a code C. It is suffices to show that F and F C are equivalent. Note that Λ = { c i x i /2k|(c 1 , . . . ,c 24 ) ∈ C} and A 2k (C) = { c i e i / √ 2k|(c 1 , . . . ,c 24 ) ∈ C}. Then we have the isomorphism of the lattice
and this map sends F C to F . Therefore F C is equivalence to F .
Proposition 2.4. Let S be a 2k-frame of Λ and let N be the sublattice of Λ generated by S. Let C = Λ/N be a code over Z 2k and let C 2 = (Λ ∩ (N/2))/N be a binary code. Set m = dim C 2 over Z 2 .
(1) |Λ/N| = (2k) 12 .
(2) m ≥ 12.
(3) |N/(2Λ ∩ N)| is an elementary abelian 2-group with order 2 24−m .
Proof. For any lattice R, we denote the dual lattice of R by R • . Consider the inclusion
Thus we obtain (1). Since for each element of C, its order is divisible by 2k, we obtain (2). Consider the inclusion 2N ⊂ 2Λ ∩ N ⊂ N and we obtain |N/(
24−m and we obtain (3). Suppose k is odd.
Thus C 2 is self-orthogonal. Since C 2 is a Syolw 2-group, the dimension of C 2 is 12, and C 2 is self-dual. Since v, v ∈ 2Z, we have c v , c v ∈ 4Z. Hence we obtain (4). 
where we regard c i ∈ Z 2 as an element of Z.
2k and σ ∈ Π, where Π is the set of the operators which change signs of some positions.
Main result
The following is our main theorem.
Theorem 3.2. Let C be an extremal Type II code of length 24 over Z 2k and set C 2 = {(c 1 , . . . , c 24 ) ∈ C|c i = 0 (mod k) for all i}, which is binary code. Set m = dim C 2 over Z 2 .
(1) There is an embedding
of subVOAs.
⊗24 -module as follows:
Remark 3.3. This decomposition is uniquely determined by the extremal Type II code of length 24 over Z 2k , up to the permutation of the 24 tensor products for each components of V ♮ .
Remark 3.4. [Ch, GH] For any integer k ≥ 2, there exists an extremal Type II code of length 24 over Z 2k . However, the classification of extremal Type II codes of length 24 over Z 2k is still missing.
The rest of this section is devoted to the proof of the theorem.
Existence of (V
In this subsection, we will show Theorem 3.2 (1). In order to do it, we have to construct an appropriate 2-cocycle ofΛ. Let S be a 2k-frame corresponding to C and let N be the sublattice of Λ generated by S.
Lemma 3.5. There exists a set I of representatives of Λ/N satisfying the following conditions:
Proof. Let {h 1 + N, · · · , h m + N} be a set of generators of (Λ ∩ (N/2))/N. Then we choose { m i=1 d i h i |d i ∈ {0, 1}} as the set of representatives of (Λ ∩ (N/2))/N. For λ ∈ b + N ∈ Λ/N with b / ∈ N/2, we choose the representative of −b + N ∈ Λ/N as −λ. Therefore we obtain the set of representatives satisfying (H1) and (H2).
Lemma 3.6. Let ρ: 2Λ ∩ N → −1 be a group homomorphism such that ρ(2γ) = (−1) γ,γ for γ ∈ N. There exist a set-theoretic section Λ →Λ, β → e β and a set I of representatives of Λ/N satisfying e β e γ = e β+γ , (3.1)
for any β ∈ N, γ ∈ Λ.
Proof. Let (γ 1 , . . . , γ 24 ) be an ordered basis of Λ. Consider the Z-bilinear
It is easy to see that ε 0 satisfies
for β, γ ∈ Λ. In other words, ε 0 is a 2-cocycle corresponding to (2.1). Let s be a set-theoretic section Λ →Λ corresponding to ε 0 . Then
for β, γ ∈ N. Let I be a set of representatives of Λ/N satisfying (H1) and (H2) of Lemma 3.5. Set ρ(β) = (−1) ρ 0 (β) for β ∈ 2Λ ∩ N. Let us show that we can choose η so that it satisfies η(2λ) = ρ 0 (2λ) (3.6) for any λ ∈ I ∩ (Λ ∩ N/2).
Set Ω 0 = {1, . . . , m}. Let {h i |i ∈ Ω 0 } be a subset of I satisfying (H1), namely, (N/2) ). Note that the set {h i + N|i ∈ Ω 0 } is a set of generators of (Λ ∩ (N/2))/N, namely, {2h i + 2N} is a set of generators of (2Λ ∩ N)/2N. Let δ: (2Λ ∩ N)/2N → Z 2 be the linear map defined by δ(2h i + 2N) = η(2h i ) + ρ 0 (2h i ) for i ∈ Ω 0 . Since η + ρ 0 is linear on 2Λ ∩ N, we have δ(2h + 2N) = η(2h) + ρ 0 (2h) for h ∈ I ∩ (Λ ∩ (N/2) ). Note that η + ρ 0 is not zero on 2N, and so δ depend on a choice of a set satisfying (H1). By Proposition 2.4, (2Λ∩N)/2N ∼ = Z m 2 is a subgroup of N/2N ∼ = Z 24 2 . Thus we can extend the linear map δ to N/2N. Therefore there exists a linear map δ: N → Z 2 such that δ(2h) = η(2h) + ρ(2h) for h ∈ I ∩ (Λ ∩ (N/2) ). Hence we may assume that η satisfies (3.6), since η + δ satisfies (3.5) and (3.6).
Since ε 0 is Z-bilinear, we can extend η to Λ so that
for β ∈ N, γ ∈ Λ. In fact, for λ ∈ I, we choose a value of η(λ), and we define η(β + λ) = ε 0 (β, λ) + η(β) + η(λ) for β ∈ N. It is easy to see that η satisfies (3.7). Now, let us modify the section s. Set s 0 (β) = (−1) η(β) s(β) for β ∈ Λ. Then s 0 satisfies (3.1), and we have
for λ ∈ I and β ∈ N. By (H2) of Lemma 3.5, we can choose a value of η(λ) satisfying η(λ) + η(−λ) = 0, for λ ∈ I \ (I ∩ N/2). Then s 0 satisfies (3.2) on Λ \ (Λ ∩ N/2). Note that η(β) + η(−β) = η(2β) for β ∈ Λ ∩ N/2. By (3.6), we have the results.
Let ι: C[Λ] → C{Λ} be the canonical homomorphism. For a subset M of Λ, let C{M} denote the subspace of C{Λ} generated by {ι(a)|ā ∈ M}. Let s: Λ →Λ be a section and let I be a set of representatives of Λ/N satisfying (3.1). Consider the linear isomorphism C{Λ} ∼ = C[Λ], ι(s(β)) → e β for β ∈ Λ. By (3.1), the restriction to C{N} is an algebra isomorphism and the restriction to C{λ + N} is an isomorphism of those algebra modules with respect to the left multiplication. Let (x 1 , . . . , x 24 ) be the ordered basis of N consisting of the 2k-frame S. For a representative λ + N of Λ/N, we set
where we regard λ + N as a subset of Λ. Note that V N is a subVOA of V Λ . Let L i be the rank one sublattice of N generated by x i . It is well known that [FLM] .
By [FLM] , those have the positive-definite symmetric bilinear forms. By Theorem 3.2 (1), we have the embedding V + L,R ⊂ V ♮ R . In this embedding, the positive-definite symmetric bilinear form is invariant.
Decomposition of the untwisted space V + Λ
In this subsection, we give the decomposition of V + Λ and show Theorem 3.2 (2). From [D1] , it follows that V Λ is decomposed as
as a V N -module. Let (x 1 , . . . , x 24 ) be the ordered basis of N given in Section 3.2. Let λ = 24 i=1 c i x i /2k be an element of I. It is well known that
Next, we consider the θ V Λ -fixed-point subspace of V Λ . We obtain the following lemma.
Lemma 3.8. Let c be a codeword of C = Λ/N.
(
Proof. By Remark 3.1, we obtain (1). Suppose c ∈ C\C 2 . Note that θ V Λ is an involution and maps M(c) to M(−c).
Hence we get (2). By Lemma 3.8, (3.8) and (3.9), we obtain Theorem 3.2 (2).
Decomposition of the twisted space V T,+ Λ
In this subsection, we give the decomposition of V T,+ Λ and show Theorem 3.2 (3).
Note that −1 ∈Λ acts on T as multiplication by −1. Let M be a maximal abelian subgroup ofΛ/K Λ such that M ⊃N K Λ /K Λ . Note that |M| = 2 13 . By Proposition 2.1, T decomposes into the direct sum of all the irreducible Mmodules on which −K Λ acts by −1. Therefore T decomposes into the direct sum of irreducibleNK Λ /K Λ -modules on which −K Λ acts by −1. By Proposition 2.4 (3), we have |NK Λ /K Λ | = 2|N/(N ∩ 2Λ)| = 2 25−m , and any multiplicities of the irreduciblê
Thus we obtain
where Irr(N/K(N)) is the set of the characters forN /K(N) and T ψ is the one-dimensional module C with a character ψ. By using the canonical map π:
where m χ is the multiplicity. By (3.10), we have m χ ∈ {0, 2 m−12 }. By (3.11), V T Λ has a decomposition, (3.12) where V Tχ N is the θ V Λ -twisted V N -module corresponding toN /K(2N)-module T χ . As Section 3.2, we fix the ordered basis of N as (x 1 , . . . , x 24 ). Let L i = Zx i be a sublattice of N and set K(
Now, let us determine the multiplicities {m χ }. Let χ be an element of Irr(N /K(2N)) such that χ(−K(2N)) = −1. Set n = 2 m−12 . Then m χ = n if and only if there existsχ ∈
Next, we fix a character χ and consider the space V
(3.14)
By (3.13) and (3.14), we get Theorem 3.2 (3).
Character and automorphisms of the moonshine module
In this section, we give the character of V ♮ and give some automorphisms of V ♮ .
Character of the moonshine module
In order to give the character of V ♮ , we consider the symmetrized weight enumerator of a code over Z 2k . The symmetrized weight enumerator of a code C over Z 2k is defined as:
where n i (c) denotes the number of j such that c j = ±i. Note that the symmetrized weight enumerators of equivalence codes are same. For 0 ≤ i ≤ k, we set
where φ(q) = n≥1 (1 − q n ).
By Theorem 3.2, we obtain the following corollary.
Corollary 4.1. Let C be an extremal Type II code of length 24 over Z 2k . Then we have
Remark 4.2. We have swe C (a 0 , a 1 , . . . , a k ) = Θ Λ (q)/(φ(q)) 24 , where Θ Λ (q) is the theta function associated with Λ. Since b = φ(q)/φ(q 2 ), we obtain
This equation is given in Remark 10.5.8 of [FLM] .
Automorphisms of the moonshine module
By the fusion rules of V + L determined in [Ab] , we have the following proposition (cf. [Ma] ).
Proposition 4.3. (1) If k is odd then the linear map τ defined by setting
1 on {V
(2) If k is even then the linear map τ defined by setting
Let Γ be the set of inequivalent irreducible V + L -modules. Suppose given a decomposition Proof. By the definition, σ i fixes any element of (V + L ) ⊗24 . In particular, σ i fixes the Virasoro element and the vacuum vector. Note that the fusion rules of tensor products of modules are the tensor products of the fusion rules of those modules. Let Γ 24 be the set of inequivalent irreducible modules for (V
Remark 4.5. If k = 3, then σ i is a 4A element of the Monster (cf. [Ma] ) and the McKayThompson series T 4A is given by 
Examples of a decomposition
In this section, we give examples of a 2k-frame for some k and the corresponding decomposition of V ♮ . Accordingly, we give an expression of the McKay-Thompson series T 4A .
Examples of a 2k-frame
In this subsection, we recall the Golay code and the Leech lattice. Then we give examples of a 2k-frame for some k. Let G 24 ⊂ P(Ω) (the power set of Ω) be the binary Golay code. Then G 24 is a vector space over F 2 of dimension 12. Let {α i |i ∈ Ω} be a basis of R 24 such that α i , α j = 2δ i,j , where ·, · is the symmetric bilinear form on R 24 . For B ⊂ Ω, we set α B = i∈B α i .
Proposition 5.1. ( [CS] ) The Leech lattice Λ can be realized as follows:
Proof. Since G 24 is a Type II code, the lattice Λ 1 = B∈G 24 Z(1/2)α B + i∈Ω Zα i is even unimodular. Λ is unimodular if and only if Λ 1 is, since the lattice Λ 0 = Λ 1 ∩ Λ = B∈G 24 Z(1/2)α B + k,l∈Ω Z(α k + α l ) has index 2 in both Λ 1 and Λ. One can check that Λ is even and has no roots.
Let p be a prime such that p = 3 (mod 4). In order to construct a 2k-frame, let us consider the quadratic residues in F p . Let Q be the set of quadratic residues in F p . Note that |Q| = (p − 1)/2 For i ∈ F p , we set the subset
On the other hand, ϕ i,l (x) = γ t 1 +t 2 x + δs 1 +s 2 ,1 l. Therefore we have ϕ j,l ϕ i,j = ϕ i,l . In particular, we have ϕ j,i ϕ i,j = ϕ i,i , namely, ϕ i,j is bijective. Hence, we have
Hence we obtain (1). By the definition, i ∈ Q j if and only if i − j ∈ Q. Similarly, j ∈ Q i if and only if j − i ∈ Q. Q contains only one of {i − j, j − i}, since −1 / ∈ Q. Thus we obtain (2).
First, we consider the case when p = 23. Consider the following generators of G 24 (cf. [CS] ):
where we regard {2 + j|j ∈ Q i−2 } as a subset of Ω. For i, j ≥ 2, j ∈ A i if and only if j − 2 ∈ Q p,i−2 . By Proposition 5.2 (1), |Q i ∩ Q j | = 5 if i = j. Thus we have the following remark.
(2) For i, j ≥ 2, we have exactly one of the following:
Proposition 5.4. For l ∈ Z, the set {±x 1 , . . . , ±x 24 } defined by
is a 2(4l 2 − 3l + 2)-frame.
Proof. Set m = 2(4l 2 − 3l + 2). By Proposition 5.1, Λ contains {±x i }. We have to check that x i , x j = mδ i,j . By direct calculation, we have x 1 , x 1 = m and x 1 , x i = 0 for i ∈ Ω\{1}. Since i / ∈ Q i , we have i / ∈ A i . Thus, for i ∈ Ω\{1}, we get x i , x i = m. By Remark 5.3, we obtain α A i , α j + α A j , α i = 2 and |A i ∩A j | = 6 , namely, α A i , α A j = 12 for i, j ∈ Ω\{1} with i = j. Therefore we have x i , x j = 0 for i, j ∈ Ω\{1} with i = j. Note that |D i | = 6 for i ∈ Ω \ {1, 13}. By direct calculation, we have the following proposition.
Proposition 5.5. For l ∈ Z, the set {±x 1 , . . . , ±x 24 } defined by is a 2(4l 2 + 2l + 3)-frame.
Remark 5.6. As above case, we can consider the case when p = 7. Then we obtain a 4(2l 2 + l + 1)-frame.
For example, we consider the case l = 1 in Proposition 5.4 and we get the 6-frame and the corresponding extremal Type II code C of length 24 over Z 6 . Then we obtain its symmetrized weight enumerator:
McKay-Thompson series for a 4A element of the Monster
Let us explicitly compute the decomposition with respect to the 6-frame obtained in the previous subsection.
We set a i = chV iα/2k+L = 1 φ(q) j∈Z q 3(j+i/6) 2 (0 ≤ i ≤ 3),
(−1) j q j 2 . 
